BACKGROUND: Laser frequency combs, which consist of equidistant laser lines, have revolutionized time-keeping, metrology, and spectroscopy. Conventional optical frequency combs based on mode-locked lasers are still mostly confined to scientific laboratories. In recent years, there has been progress in the development of optical frequency combs based on compact, chip-scale microresonators ("microcombs"), with such microcombs operating in the dissipative soliton regime. Dissipative solitons rely on a double balance of nonlinearity and dispersion as well as dissipation and gain and are an example of self-organization in driven dissipative nonlinear systems. Dissipative temporal solitons are providing the long-sought-for re-gime of coherent, broadband microcomb spectra and in addition provide an experimental setting in which to study dissipative soliton physics.
tuned nonlinear Schrödinger equation, which was originally used to describe spatial selforganization phenomena. They correspond to solitons (localized patterns) in "open" systemsthat is, systems that exhibit dissipation. DKSs, opposite to fiber solitons, therefore rely on a double balance of nonlinearity and dispersion as well as parametric gain and loss and depend on the laser-cavity detuning as a control parameter. Methods have been established that enable the reliable generation of such DKSs in a wide range of microresonator platforms, including platforms based on silicon nitride (Si 3 N 4 ) that are compatible with photonic integration. In addition, a variety of previously unknown and nonanticipated soliton effects have been observed, such as soliton crystallization, Raman-Stokes solitons, and previously unseen soliton breather dynamics. Moreover, dissipative solitons have been shown to be suprisingly robust against imperfections in the resonator mode structure. Dissipative soliton states in microresonators have triggered a large number of applications, including in terabit-coherent optical communications, atomic clocks, ultrafast distance measurements, dual-comb spectroscopy, photonic integrated frequency synthesizers, and the calibration of astrophysical spectrometers for exoplanet searches.
OUTLOOK: The reliable generation of DKSs in microresonators has established a nascent research field at the interface of soliton physics, frequency metrology, and integrated photonics and provided impetus to microcomb sources. Emerging frontiers include using advances in nanofabrication and materials synthesis to realize ultralow-propagation-loss photonic nanostructures with unusual dispersion properties, which could explore dissipative solitons in new and unexplored parameter regimes and allow the synthesis of even broader spectra that in time domain could correspond to single-cycle pulses and whose spectral bandwidth could be extended to the mid-infrared or visible range. Beyond the narrow class of materials used for DKSs so far (Si, MgF 2 , SiO 2 , and Si 3 N 4 ), many other materials exist with distinct advantages, such as III-V semiconductors, which are already widely used in light-emitting or laser diodes. Beyond existing applications, DKSs could be applied to optical coherence tomography, Raman spectral imaging, chip-scale atomic clocks based on optical transitions, or ultrafast photonic analogto-digital conversion and have a potential to make frequency metrology and spectroscopy ubiquitous. ▪ (C) Graphic image of dissipative soliton formation in a CW laser-driven photonic chip-based microresonator, generating a continuously circulating DKS, which in frequency space corresponds to a coherent optical frequency comb. The optical frequency comb is shown with two dispersive waves that arise from higher-order dispersion.
S olitons are robust waveforms that preserve their shape upon propagation in dispersive media and can be found in a variety of nonlinear systems, ranging from hot plasma (1), ferrite films, fiber optics (2), cold atoms (3), hydrodynamics, and biology to cloud and sand dune formation. Although the initial promises of optical solitons for increased bandwidth of telecommunication were not implemented, dissipative solitons circulating in cavities of modelocked lasers (4) are actively used. Similar to the physics of open quantum systems, the "open" soliton systems-dissipative solitons (5)-are highly relevant to actual experimental systems, in which dissipation cannot be neglected. This is in contrast to the mathematical treatment of solitons that have focused on conservative, integrable systems. Dissipative solitons (5) balance loss and gain in an active media, along with the balance of nonlinearity and dispersion (Fig. 1) . Although dissipative optical solitons are known to occur in mode-locked lasers (4), dissipative optical solitons can also occur in systems that have parametric gain-gain from four-wave mixing that is the underlying process that enables Kerr frequency comb (6, 7) formation in microresonators. Such dissipative solitons sustained by parametric gain were first studied in fiber cavities (8) . In 2014, it was observed that such dissipative Kerr solitons (DKSs) can spontaneously form in parametrically driven Kerr frequency combs in optical microresonators (9) . In these systems, optical sidebands are generated by means of fourwave mixing processes (10, 11) and undergo a selforganization process that leads to the emergence of a soliton pulse train, which can mathematically and rigorously be mapped (12) to the Lugiato-Lefever equation (LLE) (13) (14) (15) , an equation extensively studied in applied mathematics for decades.
The equation was originally developed to describe spatially localized pattern formation in driven nonlinear systems, in which it can lead to the formation of "dissipative structure." Since their observation in microresonators, such DKSs have been generated in a wide variety of microresonators, ranging from bulk crystalline (9, 16) and silica microdisks (17) to photonic chip-scale devices (17) (18) (19) (20) , under both continuous-wave (CW) and pulsed excitation (21) . In the frequency domain, the pulse train constitutes an optical frequency comb (22) (23) (24) . Such optical frequency combs, pioneered by using mode-locked lasers based on pulse trains, are key ingredients of optical atomic clocks and have proven invaluable for a wide range of scientific and technological applications [for example, reviewed in (25) ]. Although optical comb technology has matured since its first introduction two decades ago based on mode-locked lasers, and is commercially available, such devices are typically not amena-ble to wafer-scale integration and have comparatively narrow line spacing in the hundreds of megahertz range. DKSs in microresonators have provided a route to compact low power in chipfrequency comb generation. Although Kerr combs have been known for more than one decade (7) [and have been reviewed in (6, (26) (27) (28) ], the discovery of the DKS regime (9) has unlocked their full potential by providing a route to broadband and fully coherent microresonator-based frequency combs, overcoming earlier challenges of low coherence (29) (30) (31) . Such soliton-based microcombs in chip-integrated microresonators have achieved low-power, octave-spanning frequency combs in various spectral windows that now encompass the near-infrared (32, 33) , telecommunication (34, 35) , and mid-infrared spectral window (18, 36) , with repetition rates from only a few gigahertz (37) to terahertz. The observation of DKS in microresonators yields a merging of soliton physics and high-precision frequency comb applications, stimulating a renaissance in dissipative soliton research and enabling many technological applications. Soliton microcombs have already been applied succesfully to dual-comb spectroscopy in the near- (38) (39) (40) and mid-infrared (36) , scanning comb spectroscopy (41) , as well as the demonstration of a self-referenced comb for the counting of optical frequencies [both with (42) and without external broadening (43) ]. Likewise, soliton microcombs have been used in massively parallel communication (44) , in pairs at both the transmitter and receiver side, for low-noise microwave generation (45) as well as for chip-scale dual-comb-based light detection and ranging (LIDAR) (46, 47) . Moreover, soliton microcombs have been used to realize an all integrated photonics-based chip-frequency synthesizer (48) and been used as a microphotonic astrocomb for exoplanet searches (49, 50) . Soliton microcombs exhibit surprisingly rich nonlinear dynamics and have led to the observation of a variety soliton dynamics effects, such as bright soliton formation, dark pulses, flat-topped "platicons" formation (51), soliton Cherenkov radiation (20) , Raman self-frequency shift (52) (53) (54) , Stokes soliton (55) , and breather solitons (56) (57) (58) (59) (60) . Moreover, the inherently multimode nature of microresonators gives rise to new and unanticipated dynamics, such as avoided-crossing-induced dispersive wave formation (61, 62) or soliton-intermode breathing dynamics. Likewise, soliton crystallization (63) and switching (64) have been observed to occur. Today, a growing understanding of the nonlinear dynamics in soliton microcombs has been established, and new dynamics have been observed whose exploration continues to develop.
Dissipative Kerr solitons
The topic of this Review is a soliton that has long been theoretically discussed (13) (14) (15) but only recently experimentally observed: temporal DKSs, in which losses in a passive nonlinear optical cavity are compensated by a parametric interaction via a CW external laser pump in a resonator containing a Kerr nonlinearity (10) . Such DKS states, first studied in fiber cavities (8) , have recently been discovered (9) as states in Kerr frequency combs (7) . Although DKS formation has similarities to soliton mode-locking in femtosecond lasers, it does not require additional saturable absorbers to stabilize them, and they differ fundamentally because the pump laser frequency is a part of the soliton spectrum. The external coherent pump provides a central control parameter of the soliton and in addition constitutes one of the comb lines-which has no counterpart in conventional mode-locked lasers. Early interest in optical cavities filled with a nonlinear medium and pumped by means of CW source was initially stimulated by optical bistability and its application to optical switching (65), demonstrated by using iterative discretetime input-output relations (known today as Ikeda map) so that such resonators exhibit multistability. However, it was found afterward (66) that this system can also support very localized optical pulses. If the intensity in the ring resonator changes only slightly per round trip, then the system can be described by a meanfield equation with periodic boundary conditions (67) . If the medium has Kerr nonlinearity and quadratic dispersion, the mean field equation has the form of a nonlinear Schrödinger Equation (NLS) (68) with dissipative and driving terms. DKSs were first studied and observed with externally injected pulses (8) . Although these experiments conjectured (8) that soliton formation may play a role, only later experiments revealed first evidence of such a regime, in terms of a transition from chaotic to low-phase-noise Kerr comb states (30) , as well as evidence of pulse formation (which is consistent with a parameter regime allowing for soliton formation) (69) . The first experiments that unambiguously identified DKSs in microresonators found DKS states by recording the transmission during Kerr comb formation. Strikingly, a series of steps on the reddetuned side of the resonance was observed. These steps, as is now well understood, are a sign of soliton formation and correspond to the continued reduction of the number of solitons in the cavity from N, N -1, ... . Stably accessing soliton states requires overcoming the thermal instabilities associated with the drop in intracavity power and led to the development of a wide range of techniques, so that now stably accessing Kerr soliton states can occur in a wide range of microresonator platforms.
The formation of DKSs in a crystalline microresonator are shown in Fig. 1 (9) . A fundamental analytical property of DKSs is that they require a red-detuned pump laser from resonance, as also shown experimentally by using a Pound-Drever-Hall error signal. Although a red-detuned laser excitation in microresonators is conventionally unstable because of the thermal nonlinearity, the presence of a DKS can in turn self-stabilize the system for red detuning. This, however, necessitates overcoming transient thermal effects that are associated with the discrete steps in cavity transmission. Understanding and overcoming the thermal instability in the red-detuned solitonformation regime, as first accomplished with optimized frequency tuning schemes (9), has been a pivotal experimental technique to enable stable DKS formation in microresonators. Single DKSs can equally be accessed in fully planar architectures (70) , notably in photonic-chip-based silicon nitride (Si 3 N 4 ) resonators (71) , despite the fact that this platform has a significantly lower quality (Q) factor and can exhibit dispersion imperfections and strong thermal effects. Photonicchip-based microresonators based on Si 3 N 4 are amenable to wafer-scale manufacturing and integration and, because of their higher nonlinearity (compared with that of crystals or silica), enable broadband DKS (72) with high repetition rates (>100 GHz). Although tuning into soliton states in integrated Si 3 N 4 microresonators has also been achieved with a slow laser-tuning method (73), the strong thermal effects have lead to the development of different methods, such as "power kicking" (74), fast tuning by use of heaters (19) , and most recently, use of singlesideband modulator schemes (75) . Using these techniques, DKSs have been generated in a wide variety of microresonators, ranging from bulk crystalline (9, 45) and silica microdisks (17) and microspheres (76) to photonic chip-scale devices in Si and Si 3 N 4 (20, 77) and fiber cavities (21), under both CW and pulsed excitation (21) . Moreover, schemes have been devised for soliton feedback stabilization, based on the soliton power (78), or by using the effective laser detuning of the soliton state (79) .
Dissipative soliton regime in Kerr frequency combs
We briefly review the physics of the parametric process in microresonators, discussed in detail in (30, 80) . Kerr frequency combs were initially discovered in silica microtoroids, and experiments proved that the parametrically generated (11, 81) sidebands were equidistant to at least one part in 10 −17 as compared with the optical carrier. In these early experiments, the combs repetition rate was in the terahertz range, and a femtosecond-laser frequency comb was used to bridge and verify the equidistant nature of the teeth spacing. It is today understood that such highly coherent combs only exist in certain regimes. Kippenberg 
Physics of Kerr comb formation
The resonance frequencies of a microresonator can be Taylor-expanded around the pumped mode w 0 so that
where D 1 /2p is the mean free spectral range (FSR), D 2 is the group velocity dispersion (GVD) (positive for anomalous GVD), andj ∈ Z. If the FSR (because of D 2 in Eq. 1) increases with frequency, the resonator has anomalous GVD, as required for parametric oscillations and soliton formation. It is often useful to introduce the integrated dispersion, which describes the deviation of a given resonance from an equidistant frequency grid,
For a microresonator with anomalous GVD, the third-order Kerr nonlinearity leads to a nonlinear coupling between different modes. The nonlinear coupling coefficient g ¼ ℏw 2 0 cn 2 =n 2 V 0 is defined as a Kerr frequency shift per photon; n and n 2 are the refractive and nonlinear optical indices, respectively; V 0 is the effective (nonlinear) volume of the pumped mode; and c is the speed of light.
Parametric oscillation (11, 81)-the emergence of symmetrically spaced signal and idler sidebands around the pump-occurs when the parametric gain exceeds the cavity decay rate. The threshold condition is equivalently understood as a Kerrinduced shift that is comparable with the cavity decay rate and thus the onset of cavity bistability (g Á n c e k=2, where n c is the number of photons in the mode). Unlike conventional lasers in which the threshold (11, 81) scales as ºV 0 /Q, the threshold for parametric oscillation scales with ºV 0 /Q 2 , which highlights the dramatic reduction of parametric threshold possible for ultrahigh-Q microresonators. When scanning the laser into resonance from the blue-detuned side (Fig. 2C ), the first pair of sidebands that oscillate are those that are closest to the maximum of the parametric gain curve. The sideband number is approximately
If this distance corresponds to one single FSR, the subsequent cascade leads to fully coherent frequency combs. Such combs are referred to as "natively spaced comb," "Turing rolls," or (coherent) modulation instability (MI) combs.
This coherent operating regime was initially observed in optical silica microtoroids (7) . The coherence in these systems is achieved because the comb formation leads to a native comb, whose spacing corresponds to a single FSR. In this scenario, one can create fully coherent and relatively broadband-frequency combs, which has been the case for toroid resonators in the telecommunication band or crystalline resonators in the mid-infrared spectra range (82) , and generally integrated resonators with a large FSR (31) , which lead to a large accumulated dispersion parameter D 2 . Not all platforms, however, yield intrinsically low phase noise. It was observed that the comb formation can give rise to low coherence states-in particular, in integrated platforms based on, for example, Si 3 N 4 , Hydex glass, Si, AlN, or AlGaAs. Counterintuitively, however, even for ultrahigh-Q resonators, such as crystalline resonators or silica disks, low coherence was observed, which is associated with subcomb formation.
Subcomb formation and chaotic comb states
In the case of resonators that have low Q (such as in the telecommunication band), the first pair of sidebands (generated when scanning a pump laser into resonance from the blue-detuned side) are separated by many FSRs, which leads to the formation of subcombs (because
In this process, depicted in Fig. 2 , first a primary comb is generated with a line spacing D. Upon increasing pump power, secondary sidebands around the primary sidebands are generated, leading to the formation of subcombs. The initial subcombs all share the same repetition rate d. Importantly, the primary and secondary spacing do not need to be commensurate. Therefore, once the pumping power is further increased, the subcombs merge and lead to the counterintuitive situation in which more than one single comb tooth can occupy a cavity resonance (30) . This scenario leads the comb to exhibit beatnotes that can exhibit multiplets, which for sufficiently strong pump power merge into broad beatnotes. This comb state therefore exhibits low coherence, making it unsuitable for metrology. Although the comb spectral envelope of these combs is recorded with an optical spectrum analyzer to be spectrally smooth, the underlying intracavity waveform in the chaotic MI regime is vastly varying. Many early reported comb spectra (including photonic integrated resonator platforms or crystalline resonators in the telecommunication band) are chaotic in origin and exhibit low coherence. It was first demonstrated in Si 3 N 4 microresonators (30) that transitions to low noise also exist. Such a transition to low noise state was shortly thereafter also observed in silica resonators (83) , and evidence was found that the coherent regime is concomitant with pulse trains (69) . These results indicated that the major challenge and roadblock of high noise could be overcome, unlocking the full potential of chip-scale frequency combs. Today, it is understood that these transitions are likely associated with DKSs (9, 13, 15) , which give rise to coherent comb states. Indeed, although the LLE provides an accurate description of soliton states, many phenomena require corrections beyond the established models and are to be explored in Kerr microresonators.
Transition to the DKS regime
An unusual and unexpected observation was experimentally made in crystalline resonators (9) when analyzing the scan across the cavity resonance during the comb formation process: an unusual set of discrete step-like behavior in the transmitted power occurred, which exhibited a remarkably regular and repeatable step height. Transient measurements of the comb's beatnote in this regime showed low phase noise, indicating a coherent comb-formation regime. This observation confirmed an earlier theoretical prediction (84) that used numerical simulation of the laser-pump scan based on the coupled-mode equations (CMEs) (85) . These simulations (9) equally revealed that during the laser scan across the resonance, unexpectedly sharp and discrete step-like transitions to low-noise states appear (Fig. 2) . The numerical simulation predicted that the regions with discrete steps are associated with solitons inside the cavity, and the discrete steps in the transmission trace are associated with the annihilation of individual solitons, one by one. The numerical simulation uses the bare cavity detuning as a parameter, which does not correspond to the actual (effective) detuning from the resonance because of the Kerr frequency shift caused by the pump. Actual soliton formation can only occur when the laser transitions to the reddetuned side of the cavity resonance, where the intracavity field is bistable (Fig. 3A) . The simulation reveals the primary sidebands, subcomb formation, and chaotic MI, followed by the formation of stable DKS inside the cavity. The numerical simulation was repeated multiple times, and the yellow curves in Fig. 3A show the evolution of all possible trajectories, whereas blue denotes the numerical simulation of a single laser scan trajectory. Although numerical simulations of dissipative solitons using a mean field model equation (the LLE) have been carried out extensively, simulations of the actual laser scanning process relevant to the microresonator case are a new development and pivotal in the understanding of DKS. The simulations also predicted the existence of a single soliton state with a sech 2 spectral envelope (Fig. 2D ). These predictions are in agreement with experiments. Although MI occurs for the effectively blue-detuned region, the regime of soliton formation occurs in the bistable regime where two solutions exist-where the laser is effectively red-detuned (Fig. 3A) . Experimentally, this can be verified by using a Pound-Drever-Hall error signal, which can differentiate between effective red-and blue-detuning (Fig. 3A) .
Stably accessing DKS in the presence of thermal nonlinearity
Accessing the DKS is in practice compounded by thermal effects. A fundamental consequence of the existence of bright solitons is the operation in the bistable regime, which causes the optical pump to be effectively red-detuned from the (Kerr and thermally shifted) cavity resonance. Although blue-detuned excitation is thermally stable-the resonator and laser form an autonomous feedback loop that stabilizes the laser cavity detuning-the opposite is true for a reddetuned operation (required for soliton formation) (86) . Moreover, the series of discrete steps in resonator transmission laser scan due to soliton formation compound the stable access of solitons because concomitant with a discrete step is a change in intracavity power and, as a consequence, temperature change. This in turn, via the thermal effect (temperature-dependent refractive index), changes the relative laser cavity detuning. In early work, this challenge was overcome by using an optimized laser scan (9) . Since then, several techniques have been developed, from "power kicking" (74) to very fast laser modulation using single sideband modulators (75) , as well as fast thermal on-chip tuning (19) and carrier injection (77) . All developed techniques have in common that once the DKS state is reached, the thermal response of the cavity is dominated by the DKS, causing the system to be self-stabilized in the presence of a red-detuned (typically several linewidth) strong pump field. This is due to the fortuitous circumstance that thermal effects make accessing the soliton state more difficult; once the solitons are generated, the thermal nonlinearity induced by the soliton self-stabilizes the laser-cavity detuning, constituting an autonomous feedback loop. Once accessed, DKS in microresonators can be passively stable for hours. Another useful feature of the DKS regime is that if probed with a modulated laser, the soliton state (64) exhibits two resonances: a C and S resonance, which correspond to the modulation response of the cavity and solitonic solution and reveal the effective laser detuning. Experimentally, the detuning of the laser determines the soliton duration, in which detuning further from resonance decreases the soliton duration, until the point at which the soliton existence range limit is reached (Fig. 2C , green region). In addition to continous wave pumping schemes, pulsed pumping can be used. Although the generation of the Kerr soliton microcombs can occur at record low power [tens of milliwatts have been reported for octave spanning spectra (48) ], the efficiency of the process is low because of the detuned nature of the pump during the DKS formation. Periodic pulsed pumping at a frequency similar to the cavities' inverse round-trip time can enhance this efficiency by approximately the ratio of the round-trip time to the pulse duration. This scheme was recently shown for DKSs in fiber cavities (21) , exhibiting a locking behavior to the drive pulse and leading to a substantial increase in the conversion efficiency. This scheme also has been demonstrated for Si 3 N 4 microresonators for efficient and broadband comb generation (49) . Because of the higher efficiency of pulsed pumping, thermal effects are suppressed, making tuning to the DKS state possible by using slow laser scans.
Theoretical modeling and numerical simulations of DKS in microresonators
Kerr comb formation can, in addition to CMEs described above, also be described by a mean field. The two descriptions are equivalent, but only the latter enables a connection to the soliton to be established. The internal optical field envelope Aðf; tÞ in a microresonator with a selffocusing Kerr nonlinearity and only secondorder GVD may be described with the LLE (12, 13, 16, 72) , where f is the angular coordinate in a ring resonator in a frame copropagating the envelope with the group velocity, and t is the slow time (slower than the round trip)
Here, the input laser power is given by P ¼ ℏw 0 jsj 2 , h = k ex /k is the coupling efficiency determined as a ratio of the output coupling rate k ex to the total loss rate k (h = 1/2 corresponds to critical coupling, and h ≈ 1 corresponds to strong overcoupling), ℏ is the reduced Planck's constant, and w 0 is the pumped optical frequency. D 1 falls out from the equation in transforming to a rotating frame f ¼ ϕ À D 1 t, consideration of terms with j > 2 leads to appearance of higherorder derivatives in Eq. 2, and D = w 0w is the pump detuning. It is convenient to switch to a dimensionless equation (
A, z 0 = 2D/k, t = kt/2). Without the right part, Eq. 3-known as the nonlinear Schrödinger (NLS) equation-is integrable with a sech-shaped soliton solution (87) . An exact stationary solution of Eq. 3 in the form of solitonic pulses on CW background is also known (14, 88, 89) , when only a driving term without losses is considered. Although this solution provides a good approximation in the limit of large detuning z 0 , it gives little insight in the understanding of the DKS dynamics without num-erical simulations and asymptotic approximations. The damped driven NLS (Eq. 3) is frequently referred to as the LLE (13), an important equation first introduced to describe two-dimensional spatial transversal solitonic field patterns in nonlinear Fabry-Perot etalons and later reformulated for longitudinal temporal solitons (15) . The same longitudinal equation was, however, earlier analyzed in application to plasma physics (90, 91) , where solitons on background and existence boundaries were found.
In (85) , an alternative approach for Kerr comb simulation was proposed on the basis of discrete analysis of each comb line nonlinearly coupled with all others. The system of equations in this way may consist of hundreds of CMEs with millions of nonlinear terms that nevertheless can be efficiently numerically integrated by using the fast Fourier transform (92) . The CME description is equivalent to LLE (11) and may be considered as its discrete Fourier transform. The CME approach is useful to analyze dynamics for each comb line and also in cases in which local dispersion for particular lines is perturbed and not easily described by the Taylor series (61) .
Microresonator platforms for soliton formation
Soliton Kerr frequency combs in microresonators were first observed (9) in crystalline MgF 2 resonators (45, 93) with ultrahigh-Q factor, leading to a low threshold for nonlinear effects (94) . The platforms in which solitons can be generated have been extended significantly and include platforms that are amenable to wafer-scale processing, such as silica microdisk resonators (17) and photonic integrated platforms, notably Si 3 N 4 (19, 20, 95, 96) . Such photonic chip-based resonators based on Si 3 N 4 enable integration of waveguides and resonators, enable further functionality such as heaters, and are space compatible (70) . Moreover, solitons have been generated in Si microresonators in the mid-infrared (77), where two-photon absorption is negligible. A challenge in this case is attaining sufficiently high Q for efficient nonlinear parametric frequency conversion.
One platform that is particularly well suited is based on Si 3 N 4 , a material that is already a part of the complementary metal-oxide semiconductor (CMOS) process, for the strain engineering of transistors and as a capping layer. Its high refractive index of n ≈ 2 enables tight optical confinement waveguides and microring resonators, and the high bandgap (~3 eV) mitigates multiphoton absorption in the telecommunication band. Recent measurements have revealed that Si 3 N 4 has intrinsic material limited Q-factors that can exceed 10 7 (97) . Although the Q-factors attained in Si 3 N 4 are still substantially below those of crystalline resonators, the significantly tighter optical confinement and higher Kerrnonlinearity have allowed DKS generation. Moreover, DKSs have been observed in fiber Fabry-Perot microcavities (21) . Although more platforms exist in which Kerr comb generation has been shown-including, in particular, compound semiconductors such as AlGaAs or AlN-soliton formation has to date not been demonstrated in these materials. Irrespective of the platform or material used, a requirement for soliton formation is attaining anomalous group velocity dispersion. As one approaches the bandgap of the material, the normal GVD will start to dominate. This limitation has been overcome with waveguide geometry-based dispersion engineering (98) .
Dispersion engineering
Optical microresonators exhibit variation of the FSR because of the effect of material and geometric (resonator) dispersion. Material dispersion, commonly expressed via the Sellmeier equations, poses stringent limits on the wavelength range in which anomalous GVD is possible. By contrast, the resonator dispersion can be engineered via the resonator geometry and can be engineered to be anomalous GVD, overcoming the inherent material dispersion (98) . For a nanophotonic waveguide, the dependence of the effective refractive index on the wavelengths leads inherently Kippenberg dual-microcomb spectroscopy (38) , optical coherence tomography, lownoise microwave generation (45) , integrated optical frequency synthesizer (136) , and astrophysical spectrometer calibration for exoplanet detection (49) .
to normal GVD when the mode is weakly confined and to anomalous GVD for tight confinement. This is illustrated in Fig. 4 and has been applied to achieve Kerr comb generation in Si 3 N 4 , despite the material having normal material dispersion (71) . Moreover, coatings can be used to further engineer dispersion properties (99) . A limitation arises from the whisperinggallery mode (WGM) potential induced normal GVD for small waveguide radii (99) . The comb bandwidth can be significantly extended when making use of higher-order soliton broadening effects. If higher-order dispersion terms are significant, and the comb extends into regions where the dispersion changes sign, the comb bandwidth will be significantly extended. (20, 35, 72, (100) (101) (102) (103) .
Comb lines near zeros in the integrated dispersion profile (Fig. 3A) form dispersive waves coupled to solitons also known as soliton Cherenkov radiation (103) (104) (105) (106) . An analogous effect may occur because of dispersion perturbation induced by mode coupling (62, 106) . Proper design of the resonators (73) also allows for suppressing the nonfundamental modes that, because of mode couplings with multiple avoided mode crossings (61) , may prevent generation of solitons. Because of the very short duration of the DKS in microresonators, the LLE needs to be generalized to include higher-order dispersion (72, 105) , Raman scattering, and self-steepening terms (107) (108) (109) to describe the soliton microcombs.
Dispersive waves in DKS
For solitons whose spectral bandwidth extends into the normal GVD regime, the LLE has to be extended with higher-order dispersion terms. This gives rise in particular to the effect of soliton-induced Cherenkov radiation, also known as dispersive wave formation. This process was first described for supercontinuum generation in optical fiber (104) and applies also to DKSs in optical microresonators (72) . In this case, the soliton develops an oscillatory tail, on the trailing or leading edge of the pulse. The spectral location of this dispersive wave corresponds approximately to the condition where D int (m) = 0, where the resonator FSR matches that of the dispersionless soliton. Dispersive waves offer the practical advantage that they enable extension of the spectral coverage of the soliton Kerr comb to the normal dispersion regime and increase the power in the spectral ends of the comb. Suitable quartic dispersion enables also the creation of DKSs with two dispersive waves that can cover a full octave (Fig. 5C ). The soliton Cherenkov radiation also entails a spectral recoil (105, 110) .
Raman effect in DKS and the Stokes soliton
The Raman effect is particularly relevant in amorphous media such as silica or Si 3 N 4 but has been observed to be negligible in crystalline material of MgF 2 because of the narrow Raman gain bandwidth. The Raman effect leads to a Raman self-frequency shift: a soliton that is shifted with respect to the pump [also called frequency-locked Raman soliton (53) ]. The Raman effect can also lead to a new type of soliton, the Stokes soliton, which is a soliton generated by the Raman gain and locked to the pump soliton ( Fig. 5E) (55) . Recently, it was also shown that DKSs experience a limitation on their temporal duration and bandwidth because of the stimulated Raman scattering (111) , once the comb spacing is less than the Raman gain bandwidth. In addition, it was shown that in the presence of a large Raman gain (such as in diamond), comb generation can only occur if the FSR is sufficiently large to suppress Raman lasing.
Counterpropagating solitons and spatial multiplexing WGM microresonators support both counterpropagating traveling modes, which allows simultaneous excitation of DKS in both clockwise and counterpropagating directions (112, 113) . The two combs, however, have been observed to lock to each other, an effect likely associated with Rayleigh backscattering. Such locking was recently demonstrated and enables the creation of two phase-locked pulse streams of soliton Kerr combs, which can be used for dual-comb distance measurements (47) . Such dual-comb soliton pulse streams can also be generated by using spatial multiplexing of solitons-the generation of DKSs in several spatial mode families of one and the same resonator (114) .
Normal dispersion solitonic pulses
The LLE also exhibits solutions for normal GVD, a solution known as dark soliton (short dip in CW background). However, because of periodic boundary conditions, purely dark solitons with opposite sign of phase on both sides are impossible in microresonators, whereas low-contrast gray solitons have a quite narrow, hardly achievable range of existence (115, 116) . Nevertheless, mode-locked Kerr frequency combs in the normal dispersion regime were experimentally demonstrated in different materials (117) (118) (119) (120) . It was revealed by using numerical simulations that these experimental results may be interpreted by use of a type of solitonic pulses called "platicons," flat-topped bright or dark (depending on the duration) pulses that can be softly excited and stably exist in microresonators with normal dispersion in case of bichromatic or amplitude-modulated pump (120) as well as with a local dispersion perturbation (51) . In real microresonators, such a perturbation may occur because of the normal mode coupling between different mode families (119, 122) . Platicons represent bound states of opposing switching waves (123) that connect upper and lower branches of bistable resonance to satisfy periodic boundary conditions. They may be identified in experiments because of their characteristic optical spectrum with pronounced wings (Fig. 5 ). In (124) , it was demonstrated that the dynamics of platicons in the presence of the third-order dispersion is quite peculiar and drastically different from bright solitons. In (125) , a possibility of stable coexistence of dark and bright solitons in case of nonzero third-order dispersion was revealed.
Applications of DKSs
Accessing DKSs in microresonators has unlocked in a short timeframe several promising applications. The ability of DKSs to generate broadbandcoherent combs with gigahertz repetition rates and short pulse streams has a number of applications in which either compactness is required or the high repetition rates are advantageous ( Fig. 6) .
Microwave-to-optical link
Soliton Kerr microcombs have enabled the counting of the cycles of light by creating a direct microwave-to-optical link, by using self-referencing assisted with external fiber-based broadening (42, 126) and by directly exploiting the broadband nature of DKS (43) .
Optical frequency synthesizers
DKSs based on a dual-comb approach have been used to create an integrated optical frequency synthesizer that allows synthesizing an optical frequency from a radio-frequency reference (48) .
Massively parallel coherent communications
Kerr combs with hundreds of equally spaced lines can serve as a reference for wavelength division multiplexing in massively parallel coherent telecommunications, with demonstrated data rates exceeding 50 terabits per second, at both the receiver and transmitter ends (44) .
Dual-comb spectroscopy
Two slightly different frequency combs can form on a photodetector a radio-frequency comb (25) , with the repetition rate equal to both combs' optical repetition rates difference. DKSs have been used for such dual-comb measurements in both near-and mid-infrared (37-40) and allow even full integration on chip.
LIDAR
Dual-microcomb may be implemented for ultrafast distance measurements with submicrometer resolution (46), using counterclockwise solitons (47) .
Low-noise microwave generation
Soliton Kerr microcombs can also be used for compact ultrastable microwave generation, especially if augmented with compact atomic cell references (126, 128) .
Astrophysical spectrometer calibration
The large line spacing makes DKSs ideal for calibrating astrophysical spectrometers for exoplanet searches. In contrast to conventional laser frequecy combs that require filtering, this is not necessary for DKSs. Recent work demonstrated that DKSs provide calibration sufficient for search of Earth-like planets (49, 50) . Beyond these already demonstrated applications, there is application potential in several domains, in particular for the visible range. Optical coherence tomography, dual-comb coherent anti-Stokes Raman spectroscopy (129), or photonic microwave signal processing (130) are obvious new directions, but qualitatively and quantitatively new nonlinear physics and devices are expected when advancing the ability to engineer dispersion over broad bandwidth in photonic chips and, when investigated, more complex photonic devices and geometries, such as photonic band-gap waveguides and cavities.
Further developments and outlook
The fast progress in recent years-in the understanding of soliton formation, the broad range of platforms in which solitons in driven dissipative nonlinear microresonators have been generated, and the rapid rise of applications and proof of concepts-indicate a fruitful playground for future progress. Yet challenges exist, in particular toward making the technology viable: increasing bandwidth of solitons, increasing the efficiency, and increasing the photonic integration. Moreover, despite decades of research, integrated photonic resonators presently still exhibit propagation losses that are more than three orders of magnitude higher than those of standard optical fibers. Overcoming this challenge would allow dramatic improvements in power efficiency and likely requires further research in photonic materials and fabrication processes. Several areas can be identified that may offer advances and new avenues both technological in nature as well as fundamental, such as new and improved materials and new platforms. Although the advances cannot be predicted, several developments can be anticipated.
Advanced dispersion engineering and new nonlinear materials
The coherent synthesis of an even broader spectrum, possibly corresponding to single-cycle pulses, depends critically on dispersion engineering. Dispersion engineering may open single or even subcycle waveforms inside dielectric resonators, as well as new coupled soliton complexes. Such advanced dispersion engineering is in its infancy at present and could use multilayer coatings, more complex waveguides that use coupled resonators or photonic crystal waveguide geometries, or combinations of existing materials. To date, solitons have been generated in a small class of materials (MgF 2 , Si 3 N 4 , Si, and SiO 2 ), and evident potential exists when using III-V semiconductors in particular, which offer atomicscale deposition processes and tailored band gap (131) . Likewise, solitons are surprisingly stable attractors-and are robust to dispersion disorder. This could enable machine-learning algorithms to design complex highly multimode systems, whose composite mode coupling induced a broadband desired dispersion landscape that supports solitons. If achieved, it may become possible to engineer arbitrary and much more complex and flat dispersion landscapes that could host multiple a-GVD-hosted soliton complexes.
Quantum technology
A further area under exploration is the use of parametric interactions, a process that is capable of generating correlated pairs of photons for the generation of quantum states. One application lies in generating quantum random number generation using optical parametric oscillations (132) . Moreover, the parametric fluorescence in Kerr nonlinear microresonators has already been successfully used for correlated photon states and higher-order correlated photon states (133) . Beyond technological advances outlined above, there are also fundamental open questions. An emerging question is the behavior of coupled parametric soliton arrays. The behavior of such driven, dissipative, nonlinear systems is an emergent question that is also experimentally accessible and may give rise to unanticipated effects. These possible advances reveal that DKSbased microcombs may offer advances to a wide range of areas, from timekeeping and spectroscopy to sensing and telecommunications, and are emerging as candidate building blocks in tomorrow's photonic technologies.
